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Abstract. We study the equation of state of neutron-star matter including the effects of isovector-vector coupling in quark mat-
ter. We employ the relativistic mean-field theory with an extended TM1 parameter set to describe hadronic matter and the SU(3)
Nambu-Jona-Lasinio model with isovector-vector and hypercharge-vector couplings to describe the quark matter. The deconfine-
ment hadron-quark phase transition is constructed under Gibbs phase equilibrium conditions. It is found that the isovector-vector
and hypercharge-vector couplings in quark matter enhance the symmetry energy and hypercharge symmetry energy in neutron-star
matter.
INTRODUCTION
The study of equation of state (EOS) has attracted much attention because it is a crucial input for modeling neutron
stars and supernovae [1, 2, 3]. In the inner core of neutron stars, the baryon number density nb may reach 5-10
times nuclear saturation density n0, where the deconfinement hadron-quark phase transition may occur [4, 5, 6].
Because there does not exist a unified model that can describe both hadronic matter and deconfined quark matter,
a realistic method is to consider these two phases in different models. The relativistic mean-field (RMF) theory is
a commonly used method to investigate nuclear matter and finite nuclei. In the RMF model, the isovector-vector
meson (ρ) plays an essential role to control the symmetry energy S 0 and its slope L in hadronic matter, which are
important for understanding many phenomena in nuclear physics and astrophysics [7, 8, 9, 10]. The symmetry energy
at saturation density is constrained by experiments to be about 30 ≤ S 0 ≤ 32 MeV, and the slope parameter L is
limited in the range of 40 − 60 MeV [11]. In this work, we use an extended TM1 parameter set with L = 50 MeV
to describe hadronic matter [12], where the model parameters were determined by the properties of finite nuclei. On
the other hand, the u-d quark isospin asymmetry plays an important role in the QCD phase diagram [13, 14, 15]
and quark matter symmetry energy[16, 17, 18, 19, 20, 21, 22]. We use the three flavor Nambu-Jona-Lasinio (NJL)
model with isovector-vector and hypercharge-vector couplings to describe the quark matter. The isovector-vector
coupling was chosen to be G3 = 1.5 G0 in Refs [23, 24], G3 = G0 in Ref [25], and G3 = 0 in Ref [26], where G0
is the isoscalar-vector coupling. This difference comes from which kind of vector coupling terms is used, (q¯γµq)
2 or∑
α
[
(q¯γµλαq)
2
+ (q¯iγµγ5λαq)
2
]
[27]. The second one contains the isovector-vector coupling, which can significantly
affect the symmetry energy of quark matter. In Ref. [28], the authors used a small isovector-vector coupling in the NJL
model, the resulting EOS was found to be sensitive to the isoscalar-vector coupling. The neutron-star observations of
PSR J1614-2230 [29, 30] and PSR J0348+0432 [31] constrain that the neutron-star maximum mass should be larger
than 2 M⊙ , with M⊙ being the solar mass. In Ref [32], the authors showed that the radius of a 1.4 M⊙ neutron star is
in the range of 10 km . R1.4 . 13.6 km.
HADRON-QUARK PHASE TRANSITION IN NEUTRON STARS
Hadronic Phase
We employ the RMF theory to describe the hadronic phase, which contains nucleons (n and p) and leptons (e and
µ). In the RMF approach, nucleons interact through the exchange of isoscalar-scalar (σ), isoscalar-vector (ω), and
isovector-vector (ρ) mesons. The Lagrangian density is given by
LRMF =
∑
i=p,n
ψ¯i
{
iγµ∂
µ
− (M + gσσ) −γµ
[
gωω
µ
+
gρ
2
τaρ
aµ
]}
ψi
+
1
2
∂µσ∂
µσ −
1
2
m2σσ
2
−
1
3
g2σ
3
−
1
4
g3σ
4
−
1
4
WµνW
µν
+
1
2
m2ωωµω
µ
+
1
4
c3
(
ωµω
µ
)2
−
1
4
RaµνR
aµν
+
1
2
m2ρρ
a
µρ
aµ
+Λv
(
g2ωωµω
µ
) (
g2ρρ
a
µρ
aµ
)
+
∑
l=e,µ
ψ¯l
(
iγµ∂
µ
− ml
)
ψl, (1)
where Wµν and Raµν are the antisymmetric field tensors for ωµ and ρaµ, respectively. Under the mean-field approxi-
mation, the non-vanishing expectation values of meson fields are denoted as σ =< σ >, ω =< ω0 >, and ρ =< ρ30 >.
From the Lagrangian density, we derive the equations of motion for nucleons and mesons. These coupled equations,
together with the β equilibrium condition, can be solved self-consistently, and the properties of hadronic matter are
obtained at a given baryon density. In this work, we use an extended TM1 parameter set [12], named as TM1-50,
which was generated by adjusting gρ and Λv simultaneously so as to achieve L = 50 MeV at the saturation density
n0 and keeping the symmetry energy S 0 fixed at a density of 0.11 fm
−3. The TM1-50 parameter set is given in Ta-
ble 1. We do not include hyperon degree of freedom due to the hyperon puzzle. Considering repulsive interaction at
high densities or using crossover mixed phase with earlier onset may help avoid this problem, then the hyperon effect
should be small because of low hyperon fractions.
TABLE 1. TM1-50 parameter set. The masses are given in the unit of MeV.
Model L(MeV) M mσ mω mρ gσ gω gρ g2 (fm
−1) g3 c3 Λv
TM1-50 50 938.0 511.198 783.0 770.0 10.0289 12.6139 12.2413 −7.2325 0.6183 71.3075 0.0327
Quark Phase
The three flavor NJL model is adopted for the quark phase. The Lagrangian density is given by
LNJL = q¯
(
iγµ∂
µ
− m0
)
q +GS
8∑
a=0
[
(q¯λaq)
2
+ (q¯iγ5λaq)
2
]
−K
{
det
[
q¯ (1 + γ5) q
]
+ det
[
q¯ (1 − γ5) q
]}
+LV ,
(2)
with
LV = −G0(q¯γ
µq)2 −GV
8∑
α=1
[
(q¯γµλαq)
2
+ (q¯iγµγ5λαq)
2
]
, (3)
in which q denotes the quark field with three flavors (N f=3) and three colors (Nc=3). GS , G0, and GV are the scalar,
flavor-singlet-vector, and flavor-octet-vector coupling constants, respectively. Under the mean-field approximation,
only the terms with diagonal matrix elements in λα remain, and as a result, LV is reduced to
LV = −G0(q¯γ
µq)
2
−G3
[
(q¯γµλ3q)
2
+ (q¯iγµγ5λ3q)
2
]
−G8
[
(q¯γµλ8q)
2
+ (q¯iγµγ5λ8q)
2
]
. (4)
We consider the quark matter in β equilibrium, which includes quarks (u, d and s) and leptons (e and µ). We employ
the parameter set given in Ref. [24], m0u = m
0
d
= 5.5 MeV, m0s = 140.7 MeV, Λ = 602.3 MeV, GSΛ
2
= 1.835,
and KΛ5 = 12.36. The vector couplings (G0,G3,G8) are treated as free parameters. It is found that a large G0 value
(G0 > 0.27GS ) leads to a high energy density of quark matter, and as a result, the deconfinement phase transition
will not occur. Therefore, we use G0 = 0.25GS and G3 = G8 = (0, 1.5, 10) G0. For the case of G3 = G8 = 1.5 G0,
it corresponds to the Lagrangian adopted in Refs. [23, 24], which is the flavor SU(3) limit. The parameter choice
G3 = G8 = 10 G0 gives a symmetry energy slope of LQ ≃ 50 MeV in quark phase, which is comparable to the slope
obtained by the TM1-50 parameter set in hadronic phase. The vector couplings increase the energy per baryon as
∆εV
nb
= 9G0 nb +G3 nb δ
2
+ 3G8 nb δ
2
h
, (5)
δ = nd−nu
nb
, δh =
nb−ns
nb
=
B+S
B
=
Y
B
. (6)
δ and δh indicate the isospin asymmetry and the hypercharge (Y) fraction. Since the symmetry energy is defined as
the coefficient of δ2, the symmetry energy contributed from the vector couplings is given by
∆S V (nb) = G3 nb = G3 n0 + 3G3 n0
(
nb−n0
3n0
)
. (7)
The vector coupling contribution to the slope parameter is ∆LV = 3G3 n0 = 6.6 and 44 MeV for G3 = 1.5 G0 and
10 G0, respectively. The parameter choice G3 = G8 = (0 − 10)G0 covers a wide range of the symmetry energy.
Hadron-Quark Phase Transition
We adopt the Gibbs construction for the mixed phase which connects the pure hadronic phase and pure quark phase.
For the mixed phase presented in neutron stars, the two coexisting phases satisfy the conditions of global charge
neutrality, β equilibrium, and mechanical equilibrium, which are written as
un
QP
c + (1 − u) n
HP
c = 0, (8)
µu + µe = µd = µs =
1
3
(µn + µe) , (9)
PHP (µn, µe) = PQP (µn, µe) , (10)
where u = VQP/(VQP + VHP) represents the volume fraction of quark matter in the mixed phase. n
QP
c and n
HP
c
represent the charge number density of quark phase and hadronic phase, respectively. By using these equilibrium
conditions, we calculate the properties of the hadron-quark mixed phase at a given baryon density nb = un
QP
b
+
(1 − u) nHP
b
.
RESULTS AND DISCUSSION
In this section, we study the effects of quark-matter symmetry energy on the EOS and neutron-star properties. To
achieve this purpose, we use the RMF model to describe hadronic matter and the NJL with isovector-vector and
hypercharge-vector couplings to describe the quark matter. The Gibbs construction is employed for the hadron-quark
mixed phase. In the NJL model, the isovector-vector couplings are related to the quark-matter symmetry energy, which
can affect the hadron-quark phase transition. In the present work, we use the isoscalar-vector coupling G0 = 0.25 GS ,
and compare the results for G3 = G8 = (0, 1.5, 10)G0.
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FIGURE 1. (Color online) Pressures P as a function of the baryon number density nb for the pure hadronic phase (dash-dotted
lines), the mixed phase (dashed lines) and the pure quark phase (solid lines).
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FIGURE 2. (Color online) The isospin asymmetry δ and hypercharge fraction δh as a function of the baryon number density nb.
TABLE 2. Parameter dependence of the phase transition densities and neutron star properties, G0 = 0.25GS . Number densities
are given in the unit of fm−3 and radius are given in the unit of km.
Model G3/G0 G8/G0 n
(1)
b
n
(2)
b
Mmax/M⊙ n
Mmax
c R(1.4 M⊙) R(Mmax)
TM1-50 - - - - 2.120 0.899 13.0 11.73
0 0 0.681 2.210 2.101 0.900 13.0 12.01
TM1-50/NJL 1.5 1.5 0.757 2.226 2.112 0.879 13.0 12.01
10 10 0.938 2.241 2.120 0.888 13.0 11.73
1.928 ± 0.017 [29, 30] 12 ± 1 [33]
Constraints - - - - 2.01 ± 0.04 [31] - 9.4 ± 1.2 [34] -
> 14 [35]
To check the effect of the vector couplings on the EOS of neutron-star matter, we show the pressure P as a
function of the baryon number density nb in Fig.1. The left, middle, and right panels show the results of G3 = G8 =
0, 1.5, 10 G0, respectively. It is found that the density range of the mixed phase is clearly dependent on the parameter
used. We define n
(1)
b
and n
(2)
b
as the starting and the ending densities of the mixed phase, respectively. The results with
different couplings are listed in Table 2. The visible delay of nb
(1)
comes from the energy increase of the quark phase
given by Eq. (5), however this effect becomes smaller with increasing density nb. This is because that the isospin
asymmetry δ = (nd − nu)/(nb) and the hypercharge fraction δh = (nb − ns)/(nb) depend on the baryon density nb,
as shown in Fig.2. The quark densities, nu, nd, and ns, become close with each other as nb increases. This trend is
relatively weak in the mixed phase due to the negative charge of quark matter.
The neutron-star observations of PSR J1614-2230 and PSR J0348+0432 provide a constraint on the maximum
mass of neutron stars, namely, the maximum mass should be larger than 2 M⊙. By solving the Tolman-Oppenheimer-
Volkoff (TOV) equation with the EOS obtained, we can examine the effect of the isovector-vector coupling G3 and
hypercharge-vector coupling G8 on the properties of neutron stars. In Fig.3, we show the neutron star mass-radius
relations with different coupling constants. The thin black solid line shows the result of pure hadronic matter, which
predicts a maximum neutron-star mass of 2.12 M⊙. When the quark degree of freedom is included, the EOS becomes
soft and themaximummass slightly decreases. The inclusion of the isovector-vector and hypercharge-vector couplings
in the quark phase can attenuate this effect, as shown in Fig.3. We list the central density and maximum mass of
neutron stars obtained with different conditions in Table 2. It is found that the central density nc is less than the
transition density n
(1)
b
for G3 = G8 = 10 G0, which means the hadron-quark phase transition does not occur in neutron
stars for such high isovector-vector and hypercharge-vector couplings.
In summary, the effects of isovector-vector and hypercharge-vector couplings in the NJL model on the hadron-
quark phase transition and neutron-star properties were investigated. We employed the RMF theory to describe
hadronic matter and the NJL model to describe the quark matter. We used the Gibbs construction for the mixed
phase that connects the pure hadronic phase and pure quark phase. We found that by including isovector-vector and
hypercharge-vector couplings in the NJL model, the hadron-quark phase transition delayed and shrank. By using
the EOS obtained, the resulting properties of neutron stars are influenced by the isovector-vector and hypercharge-
vector couplings, which slightly increase the maximum mass of neutron stars. With small isovector-vector and
hypercharge-vector couplings, a relatively large mixed core is achieved. When the coupling constant is as large as
G3 = G8 = 10 G0, only pure hadronic matter exists in neutron stars.
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FIGURE 3. (Color online) The left panel plots mass-radius relations of neutron stars for different EOS and the right panel is an
enlargement.
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